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ON THE SIZE OF THE GENUS OF A DIVISION ALGEBRA 


VLADIMIR 1. CHERNOUSOV, ANDREI S. RAPINCHUK, AND IGOR A. RAPINCHUK 


Abstract. Let D be a central division algebra of degree n over a field K. One defines the genus 
gen(D) as the set of classes [D'\ £ Br(A') in the Brauer group of K represented by central division 
algebras D' of degree n over K having the same maximal subfields as D. We prove that if the field 
K is finitely generated and n is prime to its characteristic then gen(L)) is finite, and give explicit 
estimations of its size in certain situations. 


To V.P. Platonov on his 75th birthday 


1. Introduction 

Let A be a field. For a finite-dimensional central simple algebra A over K, we let [A] G Br(A) 
denote the corresponding class in the Brauer group. Given a central division algebra D of degree 
n over K, one defines the genus gen(Z)) as the set of classes [D'] G Br(A) represented by division 
algebras D' having the same maximal subfield^^as D (cf. [6] , ; a survey can be found in [8] ). The 

goal of this paper is to give a detailed and effective proof of the following result announced in [6]. 

Theorem 1. Let K be a finitely generated field, and letn> 1 be an integer prime to char A. Then 
for any eentral division K-algebra D of degree n, the genus gen(A) is finite. 

In [7], the proof of the finiteness of gen(A) was reduced to the finiteness of a certain unramified 
Brauer group. In order to state the precise result, we need to recall some relevant definitions. Let 
A be a field, n > 1 be an integer, and let u be a discrete valuation of A. If the residue field 
is either perfect or of characteristic prime to n, there exists a residue map defined on the n-torsion 
subgroup of the Brauer group: 

p^: „Br(A) ^ Hom(g(^),Z/reZ), 

where denotes the absolute Galois group of A^’'^ (cf. [42l §10] or [45l Ch.II, Appendix]). We 
say that a class [A] G ,iBr(A) (or a finite-dimensional central simple A-algebra A representing this 
class) is unramified at v if [A] G kerp„, and ramified otherwise. Furthermore, given a set V of 
discrete valuations of A such that the residue maps exist for all v £ V, the {n-torsion of the) 
unramified Brauer group with respect to V is defined as 

„Br(A)y = Pi kerp^. 
vev 

Assume now that a given finitely generated field A is equipped with a set V of discrete valuations 
that satisfies the following two conditions (the second of which depends on n): 

(A) For any a G A^, the set V{a) := {v £V \ v{a) 0} is finite; 

^This means that D' also has degree n, and a field extension P/K of degree n admits a AT-embedding P ^ D it 
and only if it admits a TL-embedding P ^ D'. 
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(B) For any v gV, the characteristic char is prime to n (then, in particular, is defined). 

It was shown in [7] that if D is a central division ii'-algebra of degree n, then (i) the set R{D) of 
those V gV where D ramifies is finite; (ii) if „Br(iF)v' is finite, then so is gen(ID) and 

(1.1) |gen(F))| ^ ¥?(n)’’• |„Br(ii:)y| with r = \R{D)\, 

where ip is the Euler function. Thus, Theorem 1 is a direct consequence of the following. 

Theorem 2. Let K he a finitely generated field, and n > 1 he an integer prime to char K. There 
exists a set V of diserete valuations of K that satisfies conditions (A) and (B) and for which the 
unramified Brauer group n^i{K)v is finite. 

We will now outline the construction of a required set V in the case where K is the function 
field k{C) of a smooth projective geometrically irreducible curve C over a number field k. (This 
construction, on the one hand, generalizes the explicit construction we gave in [71 §4] in the situation 
where n = 2 and C is an elliptic curve over k with /c-rational 2-torsion, and on the other hand 
extends relatively easily to the general case - see below.) Let Vq be the set of (nontrivial) discrete 
valuations of K that are trivial onk - these correspond to the closed points of C and will be referred 
to as geometric places in the sequel. Next, we choose a sufficiently large finite subset S of the set 
of all valuations of k that contains all the archimedean places and those nonarchimedean ones 
which either divide n or where C does not have good reduction (see ^2 below and ^2 for more 
details). Each v G T := \ S has a canonical extension v to K, and we set T = {v\v GTfi Then 

V := Vb U T is as required. In fact, not only do we prove that nBr(Ar)y is finite, but also give a 
rather explicit bound on its order. We describe the general method for obtaining such bounds in 
®2, and here show only one sample statement. Let J be the Jacobian of C. 

Theorem 3. (cf. Theorem 18.31 for a more precise result) Let C he as above. Assume that C{k) 0 
and J has k-rational n-torsion. Then the order o/nBr(iL)y divides • hk{S)‘^^ where g is 

the genus of C and hk{S) is the class number of the ring Ok{S) of S-integers in k. 

We will now indicate the strategy of the proof of Theorem 2 in the general case assuming that 
char K = 0 (the general case requires only minor technical - mostly notaional - adjustments, see 
l|2l). We begin by presenting a given finitely generated field K as a function field k{C) where k is 
a purely transcendental extension of some number field P (= the algebraic closure of Q in K) and 
C is a smooth projective geometrically irreducible curve over k. We again let Vq denote the set of 
geometric places of K, and take V = Vq U Ei where Vi consists of extensions to K of the discrete 
valuations of k from a certain specially constructed set of places Vi. For v G Vq, one can define the 
residue map on the entire Brauer group 

p,: Bt{K) ^ 

The corresponding unramified Brauer group Br(iL)yp = ni;gvb tradition denoted Br(iL)ur, 

and is known to coincide with the geometric Brauer group Br(C') defined either in terms of Azu- 
maya algebras or in terms of etale cohomology (see |19[ §6.4] and |28]L The proof of Theorem 2 is 
based on an analysis of the well-known exact sequence for this group: 

(1.2) Br(A:) ^ Br(A:(C))„r ^ H\k, J)/^C, k), 

where Lk is the natural map, J is the Jacobian of C, and 4>(C', k) is a certain finite cyclic subgroup 
of H^{k,J) (see More precisely, for V as above, we have the inclusion „Br(iL)y C ri,Br(iL)ur, 
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SO proving the finiteness of „Br(i^)y (and estimating its order) reduces to proving the finiteness of 

M ■.= i^^{nQv{K)v) and N ■.= uJk{n^^{K)v) 

(and estimating their respective orders). To establish the finiteness of M (see Theorem I4.3|) . one 
shows that M contains the unramified Brauer group „Br(A;)y^ as a subgroup of finite index. The 
finiteness of is then derived from the construction of Vi; the argument here relies on 

the fact that k is a, purely transcendental extension of the number field P and makes use of the 
Faddeev exact sequence and the Albert-Hasse-Brauer-Noether theorem (cf. In order to prove 
the finiteness of N, we reduce the problem to proving the finiteness of the unramified cohomology 
group H^{k,nJ)vn where stands for the n-torsion of the Jacobian J of the curve C. The latter 
is proved by an argument that imitates the proof of the Weak Mordell-Weil Theorem (cf. [46 ( ch. 
VIII, §§1-2]). 

After completing the proof of Theorem 2 as outlined above, we learned from J.-L. Colliot-Thelene 
that one can also derive it from results on etale cohomology. For this, one realizes K as the function 
field of a smooth arithmetic scheme X on which n is invertible, and lets V to be the set of discrete 
valuations of K associated with prime divisors on X. The proof of the finiteness of „Br(A)\/ is 
then derived from Deligne’s finiteness theorem for the etale cohomology of constructible sheaves 
(see “Theorems de finitude” in M) and Gabber’s purity theorem m - see the Appendix for the 
details. While this proof does not lead to explicit estimations on the size of the genus and/or the 
unramified Brauer group, it has the advantage of allowing more flexibility in the choice of V: for 
example, X can be replaced by an open subscheme, enabling us to remove from V any finite subset 
and still preserve the finiteness of the corresponding unramified Brauer group. (In fact, this can 
also be accomplished using our argument.) 

It should be noted that the assumption of finite generation of K is essential for the finiteness of 
the genus - see [30] and [IS] for a construction of division algebras with infinite genus in the general 
situation. 

m2. Notations and conventions. Given a discrete valuation u of a field k, we let or simply 
denote the valuation ring, and set and ky to be the corresponding residue field and the 
completion of k at u, respectively. Let C be a smooth projective geometrically irreducible curve over 
k. We say that C has good reduction at v if there exists a smooth curve S over Oy with the generic 
fiber Q k isomorphic to C such that the special fiber (reduction) := C Xq^ is (smooth 
and) geometrically irreducible. Any such choice of the O^-model S determines a unique unramified 
extension u of u to k{C) (corresponding to the special fiber) with residue field = k^'^^ (G^’’^). 

If fe is a number field, we will use to denote set of all places of k, and let denote the 
subset of archimedean places. 

For an integer n > 1 we let denote the group of nth roots of unity, and for an abelian group 
A, we let riA denote the n-torsion subgroup of A. 

2. An exact sequence for the Brauer group of a curve 

In this section, we review the construction of an exact sequence generalizing to fields of 

arbitrary characteristic mainly in order to describe our set-up carefully and introduce the necessary 
notations. For a slightly different approach, we refer the reader to Lichtenbaum’s paper [28] . 
where one can also find a derivation of (11.211 from the Hochschild-Serre spectral sequence in etale 
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cohomology, as well as a proof of the fact that Br(/c(C'))ur coincides with Grothendieck’s geometric 
Brauer group of the curve C (see also m ch. III]). 

Throughout this section, we will use the following notations. Let k be an arbitrary held. Fix an 
algebraic closure of k, let k = be the separable closure of k in A:®"'® and set F = Gdil(k/k) 
to be the absolute Galois group k. Now, let C be a smooth projective geometrically irreducible 
curve dehned over k with function held K = k{C) and denote by J = J{C) the Jacobian of C. We 
will construct an exact sequence of the form 

(2.1) Br(A:) ^ Br'{k{C))^r ^ H\k, J)/<h(C, k) 
where BF(A:(C'))ur is the unramihed part of 

Br'(A:(C')) :=BY{k{C)/k{C)). 

We recall that as follows from Tsen’s theorem (cf. [IHl Theorem 6.2.8]), Br(A:®'^®(C')) = 0. So, 
Br^(A:(C')) contains nBr(A:(C')) for any n prime to char k making (12.ip applicable in our set-up. 
(Obviously, Br'(A:(C')) also contains Br(A:).) We have 

Br'(A;(C)) = H^{r,k{C)'')- 

To make use of this description, we let C = C A; (so that k{C) = k[C) = Kk), and consider the 
following standard exact sequences of F-modules 

( 2 . 2 ) Q^k^ ^k{C)^ ^V{C) 

and 

(2.3) 0 ^ Div°(C) —^ Div(C) ^ Z ^ 0 

where Div(C') is the group of divisors of C, 6 is the degree map (recall that C(k) ^ 0 making 
5 surjective), and Div°(C') and P(C') are the subgroups of Div(C') of degree zero and principal 
divisors, respectively. Then (12.21) gives rise to the following exact sequence 

(2.4) Br(A:) ^ Br'(iF) ^ ^^(F, P(G)), 

where tk is the natural base change map. 

Now, the inclusions P(C) ^ Div®(C') Div(C') induce homomorphisms 

Jj2(r,P(C)) A F2(F,Div°(C)) ^ 

and we set /3 = eofi^ . It follows from |191 6.4] that the unramihed Brauer group Br^(iF)ur coincide^ 
with the kernel of 

(2.5) p:= /3o a: Bt'{K) Div(C)). 

Since FA^(F,Z) = 0, it follows from the cohomological sequence associated with (12.31) that e is 
injective. Thus, 

(2.6) BF(iF)ur = ker where p^ = /3^ o a. 

On the other hand, the standard exact sequence dehning the Picard group of C 

(2.7) 0 ^ P(C) ^ Div°(C) ^ Pic°(C) ^ 0 

^We note that for any closed point P of C and the corresponding valuation vp of K, the associated residue map 
is defined on the entire group Br'(7y) because every class in the latter splits over the maximal unramihed extension 
of the completion K^p, cf. | 44l Ch. XII]. 
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gives rise to the bottom exact sequence in the following diagram 
(2.8) Br(fc) 

b/{k) 

a 

It is well-known that Pic®(C) and J(k) are isomorphic as F-modules (cf. [32]), and we will hence¬ 
forth routinely identify Pic^(C)) with Furthermore, set ^{C,k) = Im (/?. Us¬ 

ing (g^I), we obtain from (12.81) that for every a E Br(iF)ur there exists b E H^{k,J) such that 
7 ( 6 ) = a(a), and the coset 

b:=b + $(C, k) E H\k, J)/<^{C, k) 

is well-defined. Then the correspondence a^b defines the required homomorphism 

cufc: Bi'{KU^H\k,J)mC,k), 

and the exactness of the resulting sequence (|2.ip follows from the exactness of ()2.4I) . 

Lemma 2.1. <I>(C', A:) is a finite cyclic group. It is trivial if C{k) 7 ^ 0. 

Proof. From (12.31) . we obtain the exact sequence 

Div(U)’^ A Z ^ H\r,Bw{C)) = 0, 

in which the vanishing of the term on the right is derived from the fact that Div(C) is a permutation 
F-module. So, 

Ffi(F,DivO(C)) ~ Z/5(Div(C)^), 

hence <I*(C', k) is a finite cyclic group. If C{k) 7 ^ 0 then (J(Div(U))^ = Z, and $((7, k) is trivial. □ 


Remark 2.2. (a) Let Ifk be a field extension and Ci = C the base change of C (viewed as a 

curve over t). It is well-known (see, e.g., [32]) that J{C() = J{C)i. It follows from our construction 
that the restriction map h: H^{k,J) —)• satisfies h{^{C,k)) C $(C£,£), hence gives rise 

to a map h' in the following commutative diagram 


Bfi{k{C)U H\k, J)/4>(C, k) 


9 


h' 




where g is the natural map. 

(b) Suppose that C{k) 0. Then (12.2p admits a /c-defined splitting which is constructed as follows. 
Fix p E C{k), let Vp be the corresponding discrete valuation on k{C), and pick a uniformizer 
TT E k{C) of Vp. Then 

k{C)^ 9 / ^ (/7r-^^(^))(p) E 
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is a required section. Equivalently, a can be described as the composition of the natural embedding 
k{C) fe((7r)) with the map fc((vr))^ ^ k'^ defined by 

arnTT™ + H- I-A am 

(assuming that am 7 ^ 0). The existence of a yields the exactness of the following sequence extending 

UM- 

0 ^ Br(A;) ^ Br'(A:(C)) ^ H^{r,F{C)) 0. 

According to Lemma ITTI we have ^>((7, k) = 0, so (12.11) can be replaced with the exact sequence 

0 ^ Br(yt) ^ Br'(A:(C))ur ^ H\k, J) 0. 

As we already mentioned, if n is prime to char k then „Br(iL) C Br^(iL). This enables us to 
formulate the following statement which summarizes our approach to proving the finiteness of the 
unramified Brauer group. 

Proposition 2.3. Let V he a set of discrete valuations of K = k{C) containing Vq, so that we 
have an inclusion „Br(Ar)y C „Br(Ar)uj.. Assume that 

(I) i^^(„Br(iL)y) is finite, and 

(II) a;fc(nBr(iL)y) is finite. 

Then „Br(Ar)y is finite and its order divides |t^^(„Br(Ar)y)| • |a;fc(„Br(Ar)y)|. 

3. Ramification at the valuations of the base field 

The results of this section will be used to verify item (I) of Proposition 12.31 for an appropriate 
set of discrete valuations (see Sl2). We examine the following two situations: simple extensions 
of transcendence degree one of an arbitrary field and purely transcendental extensions of global 
fields. The consideration of the first of these situations involves rather restrictive assumptions (cf. 
Proposition I3.10p . so to conclude the proof of (I) we show that any finitely generated field can be 
obtained as a combination of these two types of extensions in such a way that all the additional 
required conditions are satisfied (see Proposition 14. ip . 

[^1. Ramification and base change. First, we recall the following well-known general fact. Let 
A; be a field equipped with a (nontrivial) discrete valuation v, and let n > 1 be an integer relatively 
prime to char k^'^\ Furthermore, let £/A: be a field extension, w be an extension of u to £ and 
be the corresponding residue field (as usual, we will identify with a subfield of We let 

(^(D))sep ^ ^£(«))^sep (^g 22 ote the corresponding separable closures, and let e = [w{i^) : u(A;^)] be the 
ramification index (assumed to be finite). 

Lemma 3.2. ([421 Theorem 10.4]) The diagram 

(3.1) nBr(A:)- - -^ Hom(Gal((A;(’'))"®P/A:(’')), Z/nZ) 

nh 


nBiii) 


> Hom(Gal((£(^))"'^ p /&'>),ZfnZ) 
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where ni'- nBr(A;) —>■ nBr(£) is the canonical map, and pw are the eorresponding residue maps, 
and [e] is the map induced by the restriction —)• followed by 

multiplication by the ramification index e, is commutative. 

Corollary 3.3. In the above notations, set 

?■ = [n''"HnBr(£){^}) : and d = D 

If e = 1, then r ^ d; in particular, if d is finite then so is r, and moreover r = 1 if d = 1. 

Indeed, if e = 1 then the kernel of [e] in (13.ip has order dividing d, and our claim follows from a 
simple diagram chase. 

[3l4. Geometric statement. Let C be a smooth projective geometrically irreducible curve over 
a field k, and let u be a discrete valuation of k. Assume that C has good reduction at v (cf. 
[Tj2), fix an Ot,-model C, and let v denote the canonical unramified extension of v to the field of 
rational functions k{C) determined by the closed fiber of C. Recall that k{Cfi = k^'^'l Since 

C has good reduction at v, the residue field is algebraically closed in k{C)^'^\ and we see from 
Corollary 13.31 that 

(»^Br(fe(C*))|{,j.) — fiBr(A;)|^|. 

Thus, we obtain the following. 

Proposition 3.5. Let C be a smooth projective geometrieally irreducible curve over a field k, and 
let V be a set of discrete valuations of k such that C has good reduction at all v G V. Set 

V = {v\v gV}, 

where v is the canonical extension ofv to k{C). Then for the natural map ni'- nBr(A:) —)• „Br(/i;(C')) 
we have 

nt~^{n^T{k{C))y) = nBr(fe)y. 

This statement is usually used in conjunction with the following well-known result (cf. [22p Prop. 
A.9.1.6], [17]). 

Proposition 3.6. Let k be a field equipped with a set V of discrete valuations that satisfies condition 
(A) (see 32P- Given a smooth projective geometrically irreducible curve C over k, there exists a 
finite subset V(C) C V such that C has good reduction at all v G V \ V{C). 

We will next develop a more explicit algebraic version of Proposition 13.51 

[3]7. Algebraic statement. Let K = k{x,y), where x is transcendental over k and y satisfies a 
relation F{x,y) = 0 with F{X,Y) G k\X,Y] an absolutely irreducible polynomial in variables X 
and Y of the form 

F{X,Y) = Y^ + fm-i{X)Y'^-^ + --- + UX) with ffiX)Gk[X]. 

Furthermore, we let 5{X) G k[X] denote the discriminant of T as a polynomial in Y, and assume 
that (5 7 ^ 0. Given a discrete valuation v of k, we consider its standard extension v to k{x) given 
on nonzero polynomials by 

(3.2) v{amx'^ --I- oo) = min v{ai) 

ai^O 

(cf. in Ch. 6, §10]), and let v denote an arbitrary extension of v to K. 
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Proposition 3.8. Let ni-k- nBr(A:) —>■ nBr(ir) be the canonical map. If v{fi{x)) ^ 0 for all i = 
0,... ,m — 1, and v(6{x)) = 0, then 

r ■■= [nkk^{n'Br{K){v}) ■■ nBr(/c){^}] 

is finite. Moreover, if the reduction G k^^'>[X,Y] is absolutely irreducible, then r = 1, 

and in this case v extends to K uniquely. 

Proof. Let O be the valuation ring of v, and let O be the integral closure of O in K. It follows 
from our assumptions that y £ O. Moreover, the discriminant of the basis l,y,..., y^~^ of K over 
k{x) is 5, hence a unit in O, implying that 

(a) O = 0[y], and 

(b) any extension of D to iL (in particular, v) is unramified 

(cf. [23l Ch. I, Theorems 7.3 and 7.5]). Since the residue field k{x)^^^ coincides with k^'"'>{x), it 
follows from (a) that the residue field is k^'"\x,y), where x,y denote the images of x and y 
(these obviously satisfy the relation F^^\x,y) = 0). As v{k{x)^) = v{k^), applying (b) we obtain 
that the ramification index e = [v{K^) : v{k^)] is 1. Obviously, n : k^'^'l] < oo, so 

from Corollary 13.31 we conclude that r < oo. If is absolutely irreducible over k^'"\ then 

1^(0 n = fcW 

(see m § 3 . 2 , Corollary 2.14]), and again Corollary 13.31 implies that r = 1. In fact, in this case we 
have : k{x)^'^'l] = [K : k{x)], and therefore v is the unique extension of v. □ 

Next, we will need to recall the following well-known consequence of “elimination theory” (cf. 
m). which in fact plays a crucial role in the proof of Proposition 13.61 

Lemma 3.9. Let k be a field equipped with a set W of discrete valuations that satisfies condition 
(A). If F G k[X, Y] is an absolutely irreducible polynomial, then for almost all v G W, the reduction 
[x, y] is defined and is absolutely irreducible. 

Now Proposition 13.81 and Lemma 13.91 together yield 

Proposition 3.10. Let K = k(x,y) where x is transcendental over k and F{x,y) = 0 with F G 
k[X,Y] an absolutely irreducible polynomial of the form 

F{X,Y) = Y^ + fm-i{X)Y^-^ + --- + fo{X), fi{X)£k[X]. 

Let 6{X) G k[X] be the discriminant of F as a polynomial in Y, and assume that 5(A) / 0. 
Furthermore, let W be a set of discrete valuations of k that satisfies condition (A). For each 
V G W, we consider the extension v to k{x) given by (13.211 . pick one extensio'^ v of v to K, and 
set W = {v\v G IT}. If 

v{fi{x)) 0 for all f = 0, ...,m —1, and v{S{x)) = 0, 

for all V gW then 

rw ■— (»^Br(A)^) . ^Br(A;)ry] <C oo. 

In fact, rw = ^ if the reduction F^'"\X,Y) G k^'"^ is absolutely irreducible for all v £ W. 


^As follows from Proposition 13.81 and Lemma EU for almost all v € IV, the extension v is unique. 
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Proof. We have an injective map 

(3.3) nik^in^r{K)^)/nBr{k)w i^^(nBr(ii:){ii})/nBr(/c){^}. 

v&W 

By Lemma [331 the subset Wq of u G VL such that the reduction F^^\X,Y) fails to be absolutely 
irreducible, is finite. Invoking Proposition 13.81 we see that the quotient „i^^(,iBr(iL){.y})/„Br(A;){^}. 
is finite for all tc G VP and is trivial for u G VV^ \ Wq. Thus, the target in (13.3p is always finite, and 
in fact is trivial if is absolutely irreducible for all v G VP, hence our assertions. □ 

13111. Purely transcendental extensions. Let i = k{xi,... ,Xr) be a purely transcendental 
extension of a field k, and let n > 1 be an integer prime to char k. For i G {1,... ,r}, we set 
£i := k{xi ,..., Xi-i,Xi+i ,..., Xr) and let P) denote the set of discrete valuations of = t'j(xj) that 
correspond to the irreducible polynomials in li[xi] (and thus are trivial on if). We define 

r 

r = Ur,. 

(Geometrically, one interprets I as the field of rational functions on the projective space and 
thinks of each V) as a subset of the set Vq of discrete valuations of i associated with the prime 
divisors, which, of course, correspond to irreducible homogeneous polynomials in k[Xo, Xi,..., X^.]. 
Then the union above is taken inside Vq; note that V) and Vj for i ^ j are not disjoint. Obviously, V 
depends on the choice of a transcendence basis xi,..., Xr-) Furthermore, let T be a set of discrete 
valuations of k such that (n,char = 1 for all u G T. For each v, we let v denote its natural 
extension to i given on nonzero polynomials by 

(3.4) u ■ ■ ■ x'-; \ = min u(aq,...,ij, 

and let T = {u | u G T}. Now, set 

(3.5) F(r) = -p|Jr. 

Clearly, V^(r) satisfies condition (A) if T does. Moreover, we have the following well-known state¬ 
ment (cf. the proof of [401 Proposition 3.4]). 

Proposition 3.12. = „Br(fc)r. 

Proof. This is an easy consequence of the following two standard facts. Let F = k{x) be the field 
of rational functions over /c, and be the set of discrete valuations of F corresponding to the 
monic irreducible polynomials in k[x]. Furthermore, for a discrete valuation v of k, we let v denote 
its natural extension to F given by (j3.2p . Then 

(a) {assuming that (n, char k) = 1) nBi{F)yF = n^i{k), cf. [36l §19.5] 

(b) {assuming that either k^^'^ is perfect or (n, char k^'^'^) = 1) a central division A:-algebra A 
of degree dividing n is unramified at v if and only if the algebra A 0k P is unramified at 
V. Indeed, this follows from the diagram (13.ip written for i = F and w = v since u]!; is 
unramified and = k^'"\x), hence is algebaically closed in F^P. 
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Let V be the set of discrete valuations of Ir constructed in the same manner as V was constructed 
for l\ clearly, V is made up of the restrictions of places from Vi. It follows from (a) and (b) 
that nV^{Vjv = nV>^{(-r)v '1 SO by induction on r we conclude that 

„Br(£)v' = nBr(A:). 


Applying (b) again, we obtain 
as required. 


n^T{€}V{T) = n,Br(fc)T, 


□ 


[3ll3. Global fields. We now recall the well-known description of the Brauer group of a global 
field. So, let /c be a global field, be the set of all places of k, and let D subsets 

of archimedean and real places, respectively (of course, = 0 if fc has positive characteristic). 
According to the theorem of Albert-Hasse-Brauer-Noether (cf. |36l 18.4], |19l Corollary 6.5.4]), 
there is an exact sequence 

0 ^ Br(A:) ^ 0 Br(A:„) ^ Q/Z ^ 0, 

where inv is the sum of the local invariant maps inv^ : Br(/c„) —)• Q/Z. Furthermore, inv^ is injective 
for all V gV, and in fact is an isomorphism for v nonarchimedean, identifies Br(/c„) with (1/2)Z/Z 
for V G and is trivial for v G V]^\I^eaP Moreover, for v nonarchimedean, inv^, actually coincides 
with the corresponding residue map, so the unramified Brauer group Br(fe„){^,}. is trivial. Now, let 
5* C be a finite subset containing V^, and set T = \ S. Then the unramified Brauer group 

nBr(A;)'r is identified with the kernel of 

0 nBr(A:,) Aq/Z, 
ves 

where i is the sum of inv^ for u G 5. The above description of Br(A:^) implies that rJi^{kv) is 
{XjnyLl'L for v nonarchimedean, (n, 2)“^Z/Z for v G trivial for v G \ On the 

other hand, Im i is (l/n)Z/Z if 5 7 ^ V^, is (n, 2)“^Z/Z if S' = and is trivial 

otherwise. We then obtain the following. 

Lemma 3.14. Let a = and b = \S \ V^\. Then „Br(A;)T is a finite group whose order 

fi{n,k,T) equals (n,2)“n^“^ ifb>0, (re, 2)““^ if b = 0 but a > 0, and 1 if a = b = 0. (Note that 
in all cases the order divides (re, 2 )“re^.J 

[3ll5. Purely transcendental extensions of global fields. Combining Proposition 13.121 with 
Lemma 13.141 we obtain the following finiteness result. 

Proposition 3.16. Let i = k{xi ,..., Xr) be a purely transcendental extension of a global field k, let 
n > 1 be an integer prime to char k, and let T = \ S, where S C is a finite subset containing 

U V{n). Then the group n^T^{^)v{T) 'Is finite, where V{T) is as in 113.5\) . 

Remark [3ll7. One can show that the group „Br(f')v'' remains finite for any subset V' C V{T) 
with finite complement V{T) \ V'. This result would enable us to somewhat streamline the proof 
of Theorem 2, but in fact its use can be avoided by a simple algebraic trick which we will describe 
in 21 
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[3118. Lk VS. While the application of Proposition 12.31 requires information about I := 

{nBT{k{C))v) for the natural map : Br(A:) —>• Br(A:(C')), the results of the current section 
provide information about J = {nBT{k{C))v) for the restriction nt^k'- nBr(A;) —>■ „Br(A:(C')). 
So, in this section we will relate the finiteness of I to that J, and more precisely establish a 
connection between the orders of these groups. Of course, if C{k) / 0, then is injective, hence 
/ = J. In the general case, the relationship between these groups depends on the following relative 
Brauer group 

BT{k{C)/k) := Kei{Bi{k) Bv{k{C))) . 

First, we mention the following elementary group-theoretic lemma. 

Lemma 3.19. Let A be an abelian group, B <Z A be a finite subgroup, and fi: A ^ A/B be the 
canonical homomorphism. Then for any integer n 1, the index [n{A/B) : (j){nA)] is finite and 
divides \B\. Thus, if nA is finite then n{A/B) is finite of order dividing \nA\ ■ \B\. 

Proof. Define fj: n{A/B) B/B"^ by aB i—)• aPB'^. Then the sequence 

nA A n{A/B) A B/B^ 

is exact, and the lemma follows. □ 

In our situation, this lemma yields the following. 

Proposition 3.20. Assume that the relative Brauer group Bi{k{C)/h) is finite. If J is finite then 
I is also finite, with |/| dividing \ J\ • |Br(/c(C')/A:)p. In particular, if the group Bi{k{C)/k) is trivial 
(which is always the case when C{k) then I = J. 

Proof. By definition, Br(A:(C')/A:) coincides with Ker So, applying the lemma to ^ = / and 
B = Bi:{k{C)/k), we obtain that the index [ifc(/) : tfc(J)] divides the order of Br(A:(C')/A:), and our 
assertion follows. □ 

It was shown by M. Ciperiani and D. Krashen [9l Proposition 4.11] that Bi{k(C)/k) is always 
finite if k is finitely generated (and not only for a curve C but for any smooth projective variety). 
We note that the result in loc. cit. is formulated for finitely generated extensions of Q, however the 
proof relies only on the finite generation of Pic*^(C')(/c) which holds in any characteristic. Since in the 
context of Theorem 2 the field k will be finitely generated, proving the finiteness of I is equivalent to 
proving the finiteness of J. For convenience of reference, we will formulate the following immediate 
consequence of Proposition 13.51 and Lemma 13.141 

Corollary 3.21. Let C be a smooth projective geometrically irreducible curve over a global field 
k such that C{k) 0, and let T (Z be a subset containing with finite complement \ T. 
Assume that C has good reduction at every v Z T, let v denote the canonical extension of v to 
k{C), and set T = {v \ v G T}. Then for the natural map Lk '■ Br(/c) —)• Br(A:(C')) we have 

\Lf\nBr{k{C))^)\=/3in,k,T) 


(see Lemma \3.14\ for the definition of f3{n,k,T)). 
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4. A RESULT ON FINITELY GENERATED FIELDS 

In this section, we wiii describe a specific presentation of a given finiteiy generated fieid as a 
function fieid of a geometricaiiy irreducibie smooth projective curve C. We wiii then use properties 
of this presentation to verify item (I) of Proposition 12.31 for an appropriate set of vaiuations. 

Proposition 4.1. Let K he a finitely generated field which is not a global field. There exists a 
global field P <Z K and elements ti,... ,tr,x,y & K such that 

(1) K = P{ti,.. .,tr,x,y); 

(2) ti,... ,tr and X are algebraically independent over P; 

(3) k := P{ti,... ,tr) is algebraically closed in K; 

(4) there is a polynomial /(Ti,..., Tr,X, Y) G P\Ti ,..., Tr,X, Y] of the form 

f = Y^+Pa-i{T,,...,Tr,X)Y^-^+ ---+Po{T,,...,Tr,X) 
that satisfies the following properties: 

(a) f{ti,...,tr,x,y) = 0; 

(b) f{ti,... ,tr,x,Y) G k{x)[Y] is irreducible; 

(c) the discriminant Syif) of f as a polynomial in Y has the form 

5y(/) = QmiTl, .. .,Tr)X^ + qm-l{Tl, .. .,Tr)X^-^ + • • • + qo{Ty .. .,Tr), 
with qi G -P[Ti,..., T^] and qm G P^ ■ 

|4l2. Verification of item (I) of Proposition 12.31 We may assume that the given finiteiy 
generated fieid K is not giobai as otherwise Theorem 2 foiiows from Lemma 13.141 We fix a pre¬ 
sentation of K of the form K = P{ti,... ,tr,x,y) satisfying the properties iisted in Proposition 
O Set k = P{ti,... ,tr) and iet C be a connected /c-defined smooth projective curve such that 
k{C) = k{x,y) = K. Note that due to condition (3) in the proposition, C is geometricaiiy irre¬ 
ducibie (see [29l Ch.3, Coroiiary 2.14]). As in 3.11, we write ki = P{ti,... ,ti-i,ti+i,... ,tr), let V) 
be the set of discrete valuations of k corresponding to the irreducible monic polynomials in kfiti], 
and set 

r 

r = Uu 

i=l 

Next, for each discrete valuation v of P, we let v be its natural extension to k given by a formula 
similar to (j3.4p . and further denote by v the extension of v to k{x) given by (j3.2p . Now, pick a set 
T C of discrete valuations with finite complement \ T such that for each u G T we have 
(n, char = 1 and 

(4.1) i;(pi(ti,..., p, x)) ^ 0 for all i = 1,..., d — 1, and u((?m) = 0. 

Since the discriminant is given by an integral polynomial in the coefficients of the original polyno¬ 
mial, we have f)(5y(/)) ^ 0, so the condition v{qm) = 0 forces 

(4.2) v{5Y{f)) = Q. 

Set T = {ulu G T} and V{T) = V|JT. We will still use the notation v to denote the extension of 
every v G V{T) to k{x) given by (|3.2I) . Let v denote an arbitrary extension of v to k{x,y) = K 
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and set V{T) = {i}|n E V{T)}. Then (14.ip . (|4.2p and the fact that qm £ imply that 

... ,tr,x)) ^ 0 for all i = and h(5y(/)) = 0. 

for all V E V{T)\ thus, the assumptions of Proposition 13.101 hold for W = V(T). We then obtain 
the following. 

Theorem 4.3. In the above notations, for the canonieal map Br(fc) —)• Br(i('), the group 
/,“^(„Br(ii:)^) is finite. 

Proof. By Proposition I3.20I and subsequent remarks, it is enough to prove that the group 

is finite. Furthermore, by Proposition I3.1UI the index : „Br(A:)y(y)] is finite. 

Finally, by Proposition I3.161 the group nP^{k)v(T) is finite, completing the proof. □ 

|4l4. Proof of Proposition 14.11 We will derive this proposition from the following more general 
result. Following [251 Ch. VIII], we will call a field extension K/P regular if it is separable and 
P is algebraically closed in K; equivalently, P and K are linearly disjoint over P, for a choice of 
algebraic closure P of P (see [25l Ch. VIII, §4], particularly pp. 366-367). 

Proposition 4.5. Let K be a finitely generated regular field extension of an infinite field P of 
transcendenee degree > 0. Then there exist elements ti,... ,tr, x,y £ K sueh that 

(1) K = P{ti,.. .,tr,x,y); 

(2) ti,... ,tr and x are algebraieally independent over P; 

(3) k := P(ti ,... ,tr) is algebraieally closed in K; 

(4) there is a polynomial /(Ti,..., Tr,X, Y) E P[Ti,..., Tr,X,Y] of the form 

f = Y‘^ + Pd-i{Ti,...,Tr,X)Y‘^-^+ ---+PQ{Ti,...,Tr,X) 
that satisfies the following properties: 

(a) f{ti,...,tr,x,y) = 0; 

(b) f{ti,... ,tr,x,Y) E k{x)[Y] is irreducible; 

(c) the diseriminant dyif) of f as a polynomial in Y has the form 

Svif) = qm{Ti,.. .,Tr)X^ + g^_i(ri ,... ,Tr)X'^-^ + • • • + qo{Ti ,... ,r,), 
with qi E P[Ti,..., T^] and qm £ P^ ■ 

To derive Proposition 14.11 from this proposition, we let P denote the prime subfield of K. Since 
P is perfect, the extension K/F has a separating transcendence basis si,..., Sq (cf. [25l Ch. VIII, 
Proposition 4.1]). Set P = P if the characteristic is zero, and P = P(si) if the characteristic is 
p > 0. Then P/P is separable (cf. [251 Ch. VIII, Cor. 5.6]). Let P be the algebraic closure of 
P in K. Note that P/E is a finite extension, and therefore P is a global field. Furthermore, the 
extension K/P is still separable, hence regular, and of transcendence degree > 0 as P is not global 
by assumption. Now, Proposition 14.11 immediately follows from Proposition 14.51 □ 

|4l6. Proof of Proposition |4^ We will need the following case of a theorem of Zariski-Matsusaka 
(cf. [251 Ch. VIII, Theorem 5.7]). 
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Proposition 4.7. LetK/k be a regular finitely generated field extension, and lety,z £ K be alge¬ 
braically independent over k such that at least one of them does not lie in K^k if the characteristic 
is p > 0. Then for all but finitely many c £ k, the field K is regular over k{y + cz). 

Corollary 4.8. Let x,zi,... ,Zr be a separating transcendence basis for a regular field extension 
K of an infinite field P. Then for any positive integers mi,..., m,. and any infinite subset V <Z P 
there exist ci,... ,Cr £P such that for the elements 

ti = Zi + , . . . ,tr = Zr + CrX'^'" , 

the field K is a regular extension of P{ti,... ,tr). 

Proof. We will induct on r, observing that there is nothing to prove if r = 0. So, let r > 0. 
Clearly, zi ^ K^P if the characteristic is p > 0, so by Proposition 14.71 there exists ci £ V such 
that K is regular over Pi := P(ti) where p = zi + cix™'b Then x, Z 2 ,..., Zr is a separating 
transcendence basis of K over Pi, and by induction there exist C 2 ,... ,Cr £ P C Pi such that for 
t 2 = Z 2 + C 2 X™' 2 , ... ,tr = Zr + CrX^'", the field K is regular over Pi{t 2 ,... ,tr) = P(ti, • • •, U). □ 

Turning now to the proof of Proposition (43] (which imitates the proof of Noether’s Normalization 
Lemma), we first observe that since K/P is a finitely generated regular field extension of transcen¬ 
dence degree > 0, one can find a separating transcendence basis x, zi,..., Zr. Then there exists 
y £ K such that K = P{x, zi,..., Zr,y). Multiplying y by a suitable element of P[x, zi,..., Zr], we 
may assume that there exists an irreducible polynomial / £ P[X, Zi,..., Zr,Y] of the form 

f = Y^ + Pd-i{X, Zi,..., Zr)Y‘^-^ + • • • +po{X, Zi,..., Z,) 

such that f{x,zi,...,Zr,y) = 0. Then f{x,zi,...,Zr,Y) £ P{x, zi,..., Zr)\Y] is the minimal 
polynomial for y over P{x, zi,..., Zr), hence separable, and therefore the discriminant Syif) £ 
P[X, Zi,..., Zr] is nonzero. If r = 0 then K = P{x, y), and there is nothing to prove, so we assume 
that r > 0. Fix positive integers mi,...,m^. By Corollary 14.81 we can pick nonzero ci,... ,Cr £ P 
such that for 

ti = Zi — CiX™'^ , . . . ,tr = Zr — CrX '^^, 

the field K is a regular extension of P(ti,... ,tr). Then properties (l)-(3) in the statement of the 
proposition are clearly satisfied, and it remains to pick the integers mi,... ,mr so as to satisfy 
property (4) as well (the choice of the cfs will play no role as long as they are nonzero). We 
introduce new variables Ti = Zi — CiX'^fi i = 1,... ,r. Since P[X, Zi,..., Zr] = P[X, Ti,... ,Tr], 
we can express po,... ,pd-i (resp., /) in terms of X, Ti,..., (resp., X, Ti,..., Tr, Y), and we will 
denote the resulting polynomials by po,... ,Pd-i (resp., /). Clearly, we have 

f = Y‘^+Pd-i{X,Ti,...,Tr)Y‘^-^ + ---+Po{X,Ti,...,Tr) and <5y(/) = 5y(/). 

Write 

ai,i,...i^X^°Z\^ ■■■Zfi with ai,i,...i^ 0, 

where the sum is taken over a finite subset / C (N U {0})'’"*'^. Pick an integer i so that £ ^ ij for 
every {io,ii,... ,ir) £ I and all j = 0,...,r, and then set mj = {£ + Ifi for j = 1,..., r. We have 

^yU)= Y. «ioh-L^'°m+CiX”^i)*i---(r,+c,X™’')'L 


GENUS OF A DIVISION ALGEBRA 


15 


Note that 


X*°(ri + ■■■{Tr + CrX^^y- 



_ Qf lower X-degree), 


where 

d{ioi 'iit ■■■ 1 ir) '■= io ~\~ iri,^ ■ 

It easily follows from our choice of i that the numbers d(io,ii, ■ ■ ■ ,ir) for (zq, h,... ,ir) & I are all 
distinct, and in particular there exists only one (zq, z?, ... z°) G I for which d(zQ, z^,... z°) equals 


m := max d(zo, zi,..., v). 


Then 


dvif) — O-ioh-'-ir 


as required. □ 



■X^ + q^_yTu...,Tr)X^-^ + ■■■ , 


5. Finiteness of unramified cohomology in degree one 

As we indicated in SI item (II) of Proposition 12.31 will be verified by employing a suitable 
modification of the strategy used in the proof of the weak Mordell-Weil theorem. This strategy 
is based on the consideration of unramified cohomology classes, and in this section we recall the 
relevant definitions and discuss the basic set-up. 

Let tjk be a Galois extension with Galois group T = Gal(£/A:). For a F-module M, the cohomol¬ 
ogy group iL*(r,M) will, as usual, be denoted by W{£/k, M). Furthermore, we will write M{k) 
for and H^{k,M) for M), where is a (fixed) separable closure of k. Given a 

discrete valuation v of k, we let ky denote the maximal unramified extension of the completion ky. 
Let M be a finite Gal(fcr^/fc„)-module. We say that a cohomology class x G H^{ky,M) (z ^ 1) is 
unramified if it lies in the image of the inflation map W^k™/ky, M{k'fi)) —)• H'^ky, M). In the cur¬ 
rent paper, we will use this notion only for z = 1 where it is equivalent, by the inflation-restriction 
exact sequence, to the fact that x lies in the kernel of the restriction map H^{ky, M) —)• H^i/k/fi, M). 
Furthermore, for a Gal(A:®®P/fc)-module M, a class x G H^{k,M) is unramified at v if its image 
under the restriction map W[k,M) —)• H^{ky,M) is unramified. Finally, given a set T of discrete 
valuations of k, we say that x G H'^k, T) is unramified at T if it is unramified at every v £ T. The 
subgroup of all classes in W[k,M) that are unramified at T will be denoted by H^{k, M)t- 

In order to formulate the conditions that guarantee the finiteness of H^{k, M)t in certain sit¬ 
uations, we need to introduce the following definitions. Let T be a set of discrete valuations of k 
satisfying condition (A) (see ^I])- We let Div(T) denote the free abelian group on the set T, the 
elements of which will be called “divisors.” Since T satisfies (A), to any a £ k^ we can associate 
the “principal divisod' 

(a) = ^z;(a) -v, 
veT 

and we let P(r) denote the subgroup of Div(r) formed by all principal divisors. The quotient 
Div(r)/P(T) will be called the Picard group of T and denoted by Pic(T) (or Pic(A:, T) if the field 
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k needs to be specified). Furthermore, we define the group of T -units U(T) (or U(A;,T)) by 
U(r) = {a^k^\ v{a) = 0 for all v e T} = f] 

v£T 

Now, for an integer n > 1, we introduce the following finiteness condition 
(F{k,T))n the groups \J{k,T)/\J{k,T)^ and nP'^c{k,T) are finite. 

We will also consider the condition 


(F(fe,T)) the groups \J{k,T) and Pic{k,T) are finitely generated. 

Obviously, (F(fc, T)) implies (F(A:, T))„ for all n > 1. The condition {F{k,T))n plays the key role 
in the following. 


Proposition 5.1. Let n > 1 be an integer prime to char/c. Assume that condition {F{k,T))n 
holds. 


(1) If k contains a primitive nth root of unity, then the group H^{k, pn)T is finite of order 
dividing |U(r)/U(r)^| • UPic(r)|. 

(2) If n is prime to char for all u G T, then H^{k, pnfT is finite of order equal to 

|u(r)/u(T)-|-UPic(r)|. 

Proof. It is well-known that there is an isomorphism 

(5.1) H\k,^in)-k^/k^" 

under which a coset corresponds to the class of the cocycle Xa given by 

Xa(a) = for u G Gal(A:-P/fc) 

V a 


(the cohomology class obviously does not depend on the choice of f/a). In both cases (1) and (2), 
for any v £ T the field A:“ contains a primitive reth root of unity. It follows that the class of Xa 
is unramified at v, i.e. lies in the kernel of the restriction map H^{k,pn) if a-iid 

only if Xa vanishes on Gal(/c^®P/A:))'‘), or equivalently, f/a G kff. A necessary condition for this is 
v{a) = 0(mod n). In fact, this condition is also sufficient if (n,char = 1. This leads to the 
following description of H^{k, iJ,n)T- Let 

E(r, n) = {a G I v{a) = O(modn) for all u G T}, 

and let D(T, n) = i'n{F{T,n)), where Vn- k^ ^ k^/k^^ is the canonical homomorphism. Then the 
isomorphism (15.ip takes H^{k, ^n)T into D{T,n) in case (1), and gives an isomorphism between 
these two groups in case (2). Thus, to complete the proof of the proposition, it suffices to show 
that D{T,n) is finite of order |U(T)/U(r)”| • |„Pic(T)|. This fact follows from the existence of the 
following exact sequence 

(5.2) 0 ^ U(T)/U(r)” ^ D(T, n) ^ nPic(T) ^ 0 

(cf. |26l Ch. 6, Theorem 1.4]). For the sake of completeness, we briefly recall the construction 
of (|5.2p . The map a is induced by the identity embedding U(T) ^ it is clearly injective and 
its image is contained in D(r, n). To define (3, we observe that since the abelian group Div(r) is 
torsion-free, for any a G E(T, n) there exists a unique d{a) G Div(T) such that 

(5.3) (a) = n ■ d{a). 
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Then f3 sends u„(a) to the class p{a) E Pic(T) of d{a). It follows from (15.3j) that p{a) depends 
only on ^^(a) and belongs to nPic(T). Conversely, given any p E nPic(T), for a divisor d E Div(T) 
representing p we have n ■ d = (a) for some a £ . Then a E E(r, n) and j3{vn{a)) = p, i.e. /3 is 

surjective. Finally, suppose b = u„(a) E Ker/3. Then 

{a) = n ■ (c) for some c £ . 

It follows that (o • c~^) = 0, i.e. a ■ c~^ £ U(T), and 

b = Vn{a) = Vn{a ■ c””), 

proving the exactness of ()5.2I1 in the middle term. □ 

02. Arbitrary finite module of coefficients. We will now extend the above finiteness result 
to the case of an arbitrary finite module M and estimate the order of H^{k, M)t- Given a field 
extension i/k and a set of discrete valuations of i, we will say that lies above T, and write 
Ti I T, if the restriction to k of every w £T£ lies in T. Let now M be a finite Gal(A;®®P//c)-module, 
i/k a finite Galois extension, and | T. 

Lemma 5.3. Assume that H^{i, M)t^ is finite. Then H^{k, M)'j’ is also finite of order dividing 
\H\i/k,M{i))\-\H\i,M)T,\. 

The proof immediately follows from the inflation-restriction exact sequence 
0 ^ H^{i/k, M{£)) H^{k, M) -4 H\i, M) 

as r takes H^{k, M)t to H^{i, M)ti. 

Combining Proposition 15.11 with Lemma 15.31 we obtain the following. 

Proposition 5.4. Let M he a finite /k)-module that has d generators and exponent dividing 

n with (n, char k) = 1 as an abelian group. Assume that there exists a finite Galois extension I 
equipped with a set Ti of discrete valuations lying above T such that 

(a) i contains a primitive nth root of unity and M = M{i), 

(b) condition {F[£,T())n holds. 

Then H^{k, M)t is finite of order dividing 

(5.4) \H\i/k,Mm • (|u(£,r,)/u(£,r,)"| • UPic(£,r,)!)''. 

Indeed, by our assumption 

M ~ Z/niZ X • • • X Z/re^Z for some nj|n 
as abelian groups. Then it follows from (a) that 

Ad — Pm X • • • X Pn^ 

as Gal(A:®®P/£)-modules. Since for m|n, the orders of U(I', Tf)/U(I', and mPic(^, T^) are finite 
and divide the orders of U(£, T£)/U(£, and ,iPic(£, T^), respectively, our assertion follows from 
the previous statements. 

[5l5. Explicit estimations. Let A; be a global field, S C a finite nonempty subset containing 
V^, and T := V^\ S. Then U(T) coincides with the group of units Ok{S)^ of the ring Ok{S) of 
S'-integers in k, hence is isomorphic to p{k) x Zl‘^l“^, where p{k) is the group of roots of unity in 


18 


V. CHERNOUSOV, A. RAPINCHUK, AND I. RAPINCHUK 


k (Dirichlet’s theorem, cf. [U Ch. 2, §18] or [39] Prop. 5.17]). Furthermore, Pic(r) coincides with 
the class group of Ok{S), hence finite (cf. [H Ch. 2, §17] or [39l Theorem 5.18]). In particular, 
condition {F{k,T)) holds; in fact, 

\\J{T)/\J{Tr\ = {n,Hk)\)-n\^\-\ 

while nPic(r) is the n-torsion subgroup of the class group of Ok{S), so has order dividing hk{S, n), 
the largest divisor of the class number hk{S) of Ok{S) that involves only the prime divisors of n. 

On the other hand, the order of H^{£/k, M{£)) divides the order of the group of 1-cocycles 
Z^(i/k, M{i)) which in turn can be embedded into the direct product M{(.Y where s is the number 
of generators of Gal(£/A:). This crude estimation can be improved and made explicit in various 
concrete situations that arise in applications (cf. 

6. Back to the Brauer group of a curve: a local computation 

Let C be a smooth projective geometrically irreducible curve over a field k, and n > 1 be an 
integer prime to char k. We will follow up on the description of „Br(fe(C'))ur given in ^assuming 
that C{k) Y 0- According to Remark 2.2, this assumption implies that the natural embedding 
k^ k{C)^, where k = has a /c-defined section e: k{C) k^, and then (12.2p combined 
with Hilbert’s Theorem 90 implies that for the group P(C) of principal divisors on C = C fc we 
have H^{k,F{C)) = 0. The vanishing of this group tells us that the map Div(C')(/c) —Pic(C')(A:) 
is surjective. (Recall that for a T-module M, where T = Gal(k/k), we write M{k) to denote 
H^(T,M) = .) Again by Hilbert’s Theorem 90, every element in P(C')(fc) is the divisor of a 

function in k{C)^. We will now use these facts to construct a pairing 

H^ik.'LjnTY X H°(A;,„Pic°(C)) ^ „Br(fc(C))ur. 

Let X G H^ik^TL/nE) = Hom(r,Z/nZ) be a character of order mjn, and let a G „Pic°(C)(fe). 
Pick a divisor a G Div(C)(A:) representing a. Then na G P(C')(A:), and we set fa = e{na), where 
e: P(C') ^ k{C)^ is the embedding given by identifying P(C') with Ker e. We then consider the 
corresponding cyclic algebra {x, fa) of degree dividing n (cf. [El §2.5] for precise definitions), and 
define ^ by sending the pair (x, a) to the class of [x, fa] G Br(/c(C)) of (x, fa)- 

Proposition 6.1. (1) [x, fa] G „Br(/c(C))ur; 

(2) the diagram 

Hi(A:,Z/nZ) (g) H0(A:,„Pic°(C)) 

nMKC))nr -^ nH\k, Pic°(C)) 

where v is the id-product H^(A:, Z/nZ) x H^{k, „Pic°(C')) —)■ H^{k, nPic'^(C)) followed by the natural 
map 9k- H^{k, nF^c^{C)) —)• nH^(/c, Pic°(C')), commutes. 

Proof. (1): Let x = [x,fa]- We need to show that p{x) = 0, where p: Br'(/i;(C')) —)• Div(C')) 

is defined by (|2.5I) . Let mjn be the order of x as a character of P = Gal(k/k), and let A = Ker x so 
that r/A is a cyclic group of order m. Clearly, Im x = (n/m)Z/nZ, and we pick u G P such that 
x(o') = (n/m)(modn). Then the coset crA generates P/A, and x corresponds to the cohomology 
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class in k{C)^) given by the following cocycle on F/A: 


( 6 . 1 ) 




1 , i + j < m 

fa , i+j^m 


(0 ^ ^ m - 1) 


Let ^ be the cocycle on L/A with values in Div((7) given by a formula similar to (|6.1I) in which fa 
is replaced by a. It follows from the construction of p in ^that p{x) is represented by the cocycle 
n • But since m = |r/A| divides n, the class of n • ^ in H^{k,T>w{C)) is trivial. Thus, p{x) = 0, 
as required. 


(2): We will use the natural maps 

a: Br'(fe(C)) = H^{k,k{C)^) H^{k,P{C)) and 7 : H\k,Pic^{C)) H^{k,P{C)) 

introduced in ^ Since C{k) / 0, by Lemma [ATI the map 7 is injective, so it is enough to show 
that 


''yoojj^op = joi>. 

By construction, 7 o Wfc = a, so what we need to prove is that 


( 6 . 2 ) {ao p){x®a) = {-/ou){x®a) 

for all X G H^{k,'L/n'L) and a G H^{k,nPic^{C)). Using the same notations as in the proof of part 
(1), we see that the left-hand side of (16.21) is represented by a cocycle ^ on L/A with values in P(C) 
given by a formula similar to (16.ip in which fa is replaced with the corresponding principal divisor 
(fa)- On the other hand, u(x (g) a) is represented by the following cocycle 

C(t) = x(t) ■ a G Pic°(C), r G P 

(since a G „Pic°(C'), the product is well-defined); note that C descends to P/A. We will now 
compute the right-hand side of (16.2p using the fact that 7 is the coboundary map associated with 
the exact sequence (12.7p . Let (/?: P —Z be a function defined by p{t) = i{njm) if tA = (T*A with 
0 ^ i ^ m — 1. Then the function 


A: P —)• Div°(C'), A(t) := p{t) ■ a, 

has the property 7 r(A(r)) = ((r), where vr: Div'^(C) —> Pic'^(U) is the canonical map. Thus, the 
right-hand side of ()6.2p is represented by the cocycle on P/A given by 

k((T*A, A) = (<^(<7*) + ¥^(<7'^) ~ 


But 


Since n • a 


(p(<7^) + (p(cr-^) — = 


0 , i + j < m 

m-{n/m) = n , i + jm 

(fa), we see that k coincides with and our claim follows. 


□ 


Let J be the Jacobian of C. As before, we will tacitly identify Pic^(C) with J{k) as P-modules. 
Since n is prime to char k, the n-torsion nJ(k) as an abstract group is isomorphic to ifLjnL'f'^^ 
where g = dim J is the genus of C (cf. |17[ 5.11]). Assume now that the n-torsion is k-rational, i.e. 
nJ(k) C J{k). Then the U-product 

H^{k,Z/nZ)^ H^{k,nJ) H^{k,nJ) 
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is an isomorphism. We also recall that from the long exact cohomology sequence associated to the 
Kummer sequence 

[ 77.1 

(here [n] is the morphism given by multiplication by n) one obtains that the natural map 

6k: H\k,r,J)^nH\k,J) 

is always surjective, with kernel isomorphic to J{k)/nJ{k). Combining these remarks, we obtain 

Lemma 6.2. If ^Jik) C J{k), then v is surjective. If in addition J{k) = nJ{k), then 6k, hence v, 
is an isomorphism. 


Remark [6l3. Assume that the n-torsion of J is /c-rational. Then u is surjective, and consequently 


(6.3) 


nBr(/c(C'))ur = nBr(A:) + Im p,. 


(in fact, this is a direct sum). To describe Im p explicitly, we let a* for i = 1,... , 2^ denote the 
preimage of the ith basic vector under a fixed isomorphism nJ{k) ~ , and let fi := fai in 

our previous notations (in fact, one can take fi G k{C)^ to be any function such that (fi) = n ■ cn 
with hi G Div^(C') having the property that its image in Pic^(C') corresponds to Oj). Then the 
elements of Im p are represented by tensor products of cyclic algebras of the form 


iXl, /r^) {X2g, f^g^'’) 


for some characters Xi ^ II^{k,'L/n'L) and some integers 0 ^ m* < n, with i = l,...,2g. Now 
assume in addition that k contains all nth roots of unity, and fix an isomorphism Z/nZ ~ pn, which 
is equivalent to fixing a primitive root Cn € hn{k). Then by Kummer theory, every y G II^{k, 'Lin'il) 
can be written in the form x = Xa for some a & k^ defined uniquely modulo k^ where Xa'- I' ^ Pn 
is given by the formula 


Xa(o-) 



a G r 


(this definition is independent of the choice of a/o). Let m|n be the order of y = Xa- Then the 
cyclic algebra {xa, f) is nothing but the symbol algebra (a, /) n/m of degree m constructed using 

^iQn 

the mth root of unity Cn^™, which we will denote simply by (a,/). Consequently, the elements of 
Im p is represented by tensor products of symbol algebras of the form 


(ai, /r^ )®K ■■■®K {a2g, ) 


for some oi,... ,a 2 g G k^ (with the same rui as above). Together with (j6.3p . this gives an explicit 
description of nBr(fc(C'))ur- Here is one concrete example. 

Let C be an elliptic curve over a (perfect) field k of characteristic 7 ^= 2,3 with ^-rational 2 -torsion. 
Then C can be given by a Weierstrass equation 

= {x — a){x — b){x — c) 


for some pairwise distinct a,b,c G k. Set K = k{C). In this case, the genus g = 1, and one can 
take fi = x — a and /2 = x — 6 in the above notations. So, the preceding discussion leads to the 
following result [5l Theorem 3.6]: 2 Br(iL)ur = 2 Br(A;)-|-/ where the subgroup I consists of classes of 
bi-quaternionic algebras of the form (r, x — a) ®k (s, x — b) for some r,sGk^. (Here (a, /3) stands 
for the quaternion algebra over K corresponding to the pair a, fi ^ .) This result was used in 
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[7] to prove Theorem 1 for K = k(C), where C is an elliptic curve over a number field k, with an 
explicit estimation. The argument in [7] can be viewed as a prototype of our proof of Theorem 1 
in the general case. 

[6l4. The case of a strictly henselian field. Let £ be a field equipped with a discrete valuation 
V. Throughout this subsection we will assume that i is henselian and the residue field is 
separably closed (i.e., £ is strictly henselian). We will later apply the results proved here to the case 
where i is the maximal unramified extension of a complete discretely valued field. Fix an integer 
n > 1 prime to charf^’'). Let C be a smooth projective curve over I having good reduction at v. 
Thus, there exists a smooth projective curve C over the valuation ring C ^ with generic fiber 
Cxo.^^C. We let =C xOi denote the corresponding closed fiber or reduction (assumed 
to be irreducible). Let J be the Jacobian of C. In this situation, the following properties hold, 
enabling us to apply our previous results. 

(i) C{£) 0. This immediately follows from Hensel’s lemma since is separably closed and 

therefore 0 (cf. [38l Theorem 3.5.50]). 

(ii) nBr(f) = 0 - cf., for example, [HI Ex. 3, p. 187]. Consequently, \ „Br(f(C))ur —^ nH^{£, J) 
is an isomorphism. 

(iii) n- J{£) = J{£), hence 6i is an isomorphism (cf. the discussion prior to Lemma El])- Indeed, 
there exists an abelian scheme 77 over Oi with generic fiber 77 i = J (cf. [3 Ch. 9]). Since 77 
is proper (and separated) over SpecO^, every 7-point Spec 7 —)• 77 uniquely extends to an O^-point 
Spec —>■ 77 by the valuative criterion. Thus, 

77(0,) = 77(7) = J(7). 

Let X-Oi denote the reduction (which is the Jacobian of Since n is prime to 

char the multiplication by n map [n]: ^ is etale, so n ■ {£^'^'1) = j(^)(7(^)) as 

is separably closed. Then by Hensel’s lemma n ■ JiOfi) = and our claim follows. 

(iv) In the notations of (iii), the restriction of the reduction map 77(0,) —)■ J^^^(7^’’)) to ^<7(7) is 

injective. Indeed, the kernel of the reduction map has no n-torsion - see mi C.2] for a proof using 
formal groups. For a different proof one observes that the reduction map n77(0,) ^ is 

surjective by Hensel’s lemma, so it must also be injective as both have the same order where g 
is the genus of C (cf. |22l Exercise C.9]). 

In view of propeties (i)-(iii). Proposition 16.11 and Lemma 16.21 with k = £ yield the following. 

Proposition 6.5. p is a bijection. 

Since C has good reduction at n, there exists a canonical (unramified) extension 7 of n to £{C) 
with residue field C := 7^’’) ). Let 

Pi,-. nM^{C)) ^ H\C,'L/n'L) 

be the corresponding residue map. We will now combine the previous results with property (iv) to 
establish the following. 

Theorem 6.6. The restriction of pi, to ,iBr(7(C'))ur is injective. 

Proof. By Hensel’s lemma, the field 7 contains a primitive nth root of unity (j, which we will fix 
and use in the sequel to identify pn with Z/nZ and construct symbol algebras. Note that the group 


22 


V. CHERNOUSOV, A. RAPINCHUK, AND I. RAPINCHUK 


is cyclic of order n with generator where vr E £ is an arbitrary uniformizer, and by 

Proposition 16.51 the map /i is a bijection. So, the description given in Remark 6.3 tells us that 
every element of is represented by a symbol algebra ( 7 r,/a) of degree n for a unique 

a E As the extension v\v is unramified, vr remains a uniformizer for v. Let us identify 

with ^ £/• j using the image of C in (which is still a primitive nth 

root of 1). We then have the following formula for the residue (cf. |19l Example 7.1.5]): 

(6.4) PviiTTja]) = (-l)^(A)vr--(A)/,(£X)" E 

where for a function h E i{C) such that v{h) = 0 we let h denote the image of h in . Let 
g := Then {g) = (/„) = n ■ a, where a E Div(C) is a divisor whose image in J{i) is a 

and (g) = n ■ b where b E Div(C^’'^) is a divisor whose image in is 6 = a (the image of a 

under the reduction map). 

Now, if the residue of [Tr,fa] is trivial, it follows from (|6.4I1 that ( 5 ) E n • P(C^^^). This means 
that b E P(C^’^^), and therefore b = a = 0. Invoking property (iv), we conclude that a = 0, and 
therefore [tt, fa] is trivial, as required. □ 


7. The finiteness of u;fc(nBr(A:(C'))v) 

We begin with the following immediate consequence of Theorem 16.61 As before, let 

Ok-. H\k,nJ)^nH\k,J) 

be the natural (surjective) map given by the inclusion „ J “-A J, and ojk '■ Br'(A;(C'))ur —)■ {k, J) /<h(C', k) 

be the map constructed in ^ 


Proposition 7.1. Let C he a geometrically irreducible smooth projective curve over a field k having 
a k-rational point (hence the group $((7, k) is trivial) . Let v he a discrete valuation of k such that 
char k^'"') is prime to n and C has good reduction at v, and denote by v the canonical extension of 
v to k{C). If X £ „Br(A:(C'))ur is unramified at v, then 

e~^{ujk{x)) C H^{k,riJ){v}- 


Proof. Let i = k')f be the maximal unramified extension of the completion k^- First note that since 
C{k) 7 ^ 0, the groups ^{C,k) and are trivial by Lemma l 2 .ll and we have the following 

commutative diagram 


nMKC))ur -^^ nH\K J) 


a 

nBr{i{C)U 


->■ 


0 


where := J i is the Jacobian of := C f, a is the natural map, and fi is given by 
restriction. Pick any y E H^{k,nJ) such that 0k{y) = Wfc(x). Since has good reduction and x 
is unramified at v, we conclude from Theorem 16.61 that a{x) = 0, and therefore (I(u}k{x)) = 0. On 
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the other hand, from the commutative diagram 


H\k,nJ) 

7 


^nH\k,J) 

P 

J) 


we see that 0£{'y{y)) = 0. Since 6i is an isomorphism (see El 5, (iii)), we conclude that 'y{y) = 0 and 
hence y is unramified at v (cf. □ 


m2. A finiteness result. Let C be a geometrically connected smooth projective curve over a 
field k, and let n > 1 be an integer prime to char k. Denote by Vq the set of geometric places of 
k{C). Furthermore, suppose we are given a set Vi of discrete valuations of k such that for each 
V ^Vi the characteristic of the residue field is prime to n and C has good reduction at v. We 
then let v denote the canonical extension of v to k{C), and set 

Vi = {v\veVi] and l/ = DoUl/i. 

Finally, fix a finite Galois extension Ijk over which C has a rational point, and let denote the 
set of all extensions of the valuations in Vi to i. 

Theorem 7.2. (1) If the group H^{i, nJ)vf finite, then so is the group a;fc(„Br(A:(C'))y) and 
|a;fc(„Br(fc(G))y)| divides \H\e/k,nJm ' \^iC,k)\ • 

(2) If every v £ Vi is unramified in Ijk and the group H^{k,nJ)vi *-5 finite, then 
|wfc(„Br(fc(C'))y)| divides \^{C,k)\ ■ \II^{k,nJ)vA- 

Proof. Applying Lemma l3.19l to the canonical homomorphism II^{k, J) J)/<h(C', k) and 

taking into account the surjectivity of 0^, we see that for the composition O'l^ = (pk o 9f~, the index 

[r,{H\k,J)/<I>{C,k)) : Ime',] 

divides |d>(C', k)\. So, if we set 

A = (6',)-^ {iOk{nMHC))v)) , 

then the index [a;fc(„Br(fc(C'))y) : 9'j^{X)] divides \^{C,k)\. In particular, if X is finite then 
a;fc(„Br(/c(C'))y) is also finite, of order dividing |A| • |<I>(C', fe)|. 

Now, consider the following commutative diagram 


Br'(A:(C)), 

a 


——> H\k,J)/<I>{C, k) 
P' 

XI _. tri 




(note that <I>(C',is the trivial group since C{I) / 0) and let A: H^{k,nJ) —^ II^{(-,nJ) be the 
restriction map. We then have the following inclusions 

A(A) c 9fi\ioe{a{nBv{k{C))v))) C H\e,nJ)vf 
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(observe that = Qi in the above notations). The first inclusion follows from the definitions, and 
the second is a consequence of Proposition 17.II as the elements of a(nBr(A:(C'))y) are unramified at 
Vf. Since Ker A = part (1) follows immediately. If u G Pi is unramified in £ then 

for w\v we have £'^ = /c“. Then the fact that A(X) C H^{£,nJ)vl implies that X C 
yielding part (2). □ 


8. Proof of Theorem 2 

Let iL be a finitely generated field, and let n > 1 be an integer prime to char K. If iL is a global 
field then our assertion is well-known (cf. Lemma 13.1411 . So, we will assume in this section that 
K is not global, and pick for K a presentation K = k{x,y), where k = P{ti,... ,tr) is a purely 
transcendental extension of a global field P, with the properties listed in Proposition l4.ll Let C be a 
geometrically irreducible smooth projective fc-defined curve with function field k{C) = k{x, y) = K, 
and let Vq be the set of geometric places of k{C). Furthermore, the construction described in 02 
yields a set of discrete valuations T C with finite complement and the corresponding sets V (T) 
and V(T) = {u | u G V{T)} of places of k and K, respectively. In addition, by reducing T if 
necessary we may assume that the ring of 5'-integers Op{S) for S = \ T is a UFD. Set 

V = VoUV^). 

Our goal is to show that the unramified Brauer group „Br(iL)y is finite. As we already observed in 
0 it is enough to check conditions (I) and (II) of Proposition l2.31 i.e. the finiteness of (nBr(iL)\/) 
and u;fc(nBr(iL)v'), respectively, where ik and cok are the maps from the standard exact sequence 
(j2.1h . The fact that (I) holds is established in Theorem 14.31 so we only need to verify (II). The 
fact that V{T) satisfies condition (A) of 0 implies that there exists a finite subset 5i C V{T) such 
that C admits a smooth proper model C —)• Spec A where 

‘A = Pi Ok^v 

veV(T)\Si 

(cf. [22l Prop. A.9.1.6]). For v G V{T) \ Si, the base change := C Xji Ok^v is a smooth model 
over Ok^v, hence defines a canonical (unramified) extension u of u to K. 

Lemma 8.1. There exists a finite subset S 2 C V{T) \ Si sueh that for v G V{T) \ {Si U S' 2 ) we 
have V = V. 

Proof. It follows from Proposition l3.Bl and Lemma [3^ that there exists a finite subset S' C V{T)\Si 
such that for every u G F(T) \ (5i U S'), the valuation v of k{x) has a unique extension v to K. On 
the other hand, there exists a finite subset S" C V{T) such that u(x) = 0 for all u G V{T)\{SiDS"). 
Set S 2 = S' U S", and let v G V{T) \ {Si U ^ 2 ). In view of the uniqueness of an extension of v 
from k{x) to K, it is enough to show that the restriction v\k{x) coincides with v. But this follows 
from the uniqueness of an extension re of u to k{x) such that w{x) = 0 (cf. [H Ch. 6, §10, n° 1, 
Prop. 1]). □ 

Let Vi = V{T) \ {Si U 52 U 53 ), where 53 = {u G V{T) \ v{n) 0}, and let Fi = {u | u G Fi} 
and F' = Fq U Fi. Then of course a;fc(„Br(iL)y) C a;fc(nBr(A')y/). On the other hand, in view 
of Lemma 18.11 and our constructions, we can use Theorem EJ to conclude that the finiteness of 
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a;fc(nBr(/C)y/) would follow from the finiteness of where J is the Jacobian of C, for 

some finite Galois extension l/k such that C{i) ^ 0, with V( being the set of all extensions of 
the valuations from Vi to £. One can find a finite Galois extension £ of fe so that C(£) 7 ^ 0 and 
the n-torsion of J is Grationafl. Then according to Proposition 15.41 to prove the finiteness of 
H^{£^ riJ)v(^ it is enough to check condition {F{£, 1//)) of ^ i.e. the finite generation of the groups 
F{£,Vl) and Pic(£,B/). Let 

® = Pi Ok,v and = p 

w&v( 

Then 23^ is the integral closure of "B in £. By our construction, the ring of 5-integers Op{S) for 
5 = \ T is a UFD, which implies that the ring “B is the localization of the polynomial ring 

Op{S)[ti,... ,tr] with respect to a multiplicative set generated by a finite set, hence a finitely 
generated ring. It follows that “B^ is a finitely generated J3-module (cf. [U Gh. 5, §1, n° 6 , 
Cor. 1]), and consequently also a finitely generated integral domain. Then the finite generation of 
\]{£,Vi) = 23^ is a classical result of P. Samuel [HI Theoreme 1]. Furthermore, let X = Spec® 
and = Spec ®£. Clearly, X is regular in codimension 1, so being the normalization of X in 
£, is also regular in codimension 1. Then Pic(£, B/) coincides with the divisor class C\{X£), which 
is finitely generated by m Theoreme 1]. This completes the proof of Theorem 2. □ 

[8l2. Explicit estimates. The proof of Theorem 2 given above enables one to give explicit bounds 
on the order of the n-torsion of the unramified Brauer group, hence on the size of the genus of a 
division algebra of degree n. To illustrate the method, we will develop some explicit formulas in 
the case K = k{C) where C is a geometrically irreducible smooth projective curve over a number 
field k such that C{k) 7 ^ 0; numerical examples will be given in ^ As above, let Vq be the set of 
geometric places of K. Fix a finite subset 5 C that contains V^, all divisors of n and also all 
V £ \ where C does not have good reduction. Each v £T := \ S canonically extends to 

a valuation v of K (this extension is determined by the given smooth ,;-model of C), and we set 

T = {v \ V £ T} and V = Vq U T. 

We will now estimate the order of the unramified Brauer group nFr(K)v- First, by Proposition [2]3l 
the order |„Br(iF)y| divides |ijr^(nBr(A')y)| • |a;fc(nBr(A')y)|. Next, it follows from Corollary I, *3. 211 
that the first factor |t^^(„Br(iF)v')| divides the number /3(n, fc, T) introduced in Lemma [3.141 and 
consequently divides (n, 2)“n^ where a = and b = |5\Pf^|. On the other hand, since C{k) 7 ^ 0, 

we can apply Theorem 17.21 with £ = k to conclude that |a;fc(,iBr(A')y)| divides „J)r| (we 

observe that Theorem EJ enables one to deal also with the situation where C(k) = 0 but then 
the equations become more cumbersome). To estimate the order of H^{k,nJ)T, we need to pick a 
finite Galois extension t'/A; that contains the n-torsion of J, hence also contains fin- Then applying 
Proposition 15.41 with M = nJ — where g is the genus of G, we obtain from (j5.4p that 

\H^{k,nJ)T\ divides 

\H\£/k,nJ{£))\ • (|u(^,r^)/u(£,r^)’^| • UPic(t’,^^)|)'^ 


“^Recall that the existence of the Weil pairing on J shows that this condition implies that pn C £, cf., for example, 
|221 Exercise A.7.8]. 
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(We let (resp., T^) denote the set of all extensions of valuations in S (resp., T) to note that 
= V^\ S^). As we indicated in §5.5, 

|U(Ar')/U(£,r'n = (n,|M^)|) 

hence divides and |nPic(^,T^)| divides hi{S^), the class number number of the ring Oi{S^) of 
S'^-integers in i (in fact, it divides h£{S^,n) as introduced in ^5). Finally, one can estimate the 
order of H^{i/k,nJ{i)) as indicated in ^5. To give a really “clean” sample result however, let us 
consider the situation where one can take i = k. 

Theorem 8.3. Keep the above notations and assume that C{k) ^ 0 and J has k-rational n-torsion. 
Then the order of n^^iK)v divides 

(n,2)“-n^+23|S|./j^(5)2s^ 

and consequently divides 

• hk{S)^T 

Combining this result with (II.ip . we obtain the following. 

Corollary 8.4. In the above notations, given a central division algebra D of degree n over K, we 
have the following estimation of the size of its genus: 

|gen(D)| 

where r is the number of v gV where D ramifies and (p is the Euler function. 

9. Examples 

[9ll. Elliptic curves and n = p a prime. In this subsection, we will deviate from our standard 
notation C for a given curve, and will use E to denote an elliptic curve over a number held k. 
Mimicking the construction described in ^2, we pick a hnite subset S C that contains 
all extensions of the p-adic valuation of Q, and all places of bad reduction - these can be easily 
determined from the Weierstrass equation of E. Then each v G T := \ S extends canonically to 

a valuation v on K = k{E), and we set 

T = {v \ V G T} and V = Vq U T, 

where Eo is the set of geometric places of AT. Again, \pBic{K)v\ divides |i^^(pBr(Ar)y)|-|wfc(pBr(Ar)y)| 
in our standard notations. As in ®2, the hrst factor divides (p, 2)“ • p^ where a = lEpeail 
b = |5'\ Let £ be the (Galois) extension of k generated by the coordinates of elements of order 
p in J = E. Then as in ®2, the second factor divides 

(9.1) \H\i/k,pE)\ ■ ■ |pPic(£,T0P, 

where = V^\ and consists of all extensions of the valuations in S to i. We know from ^2 
that the product of the second and the third factors in (j9.ip divides p^l'^ I • hi{S^)‘^ where hi{S^) is 
the class number of the ring Oi{S^) of S^-integers in £. To estimate the hrst factor, we need the 
following simple computation, where we write Fp for Z/pZ. 

Lemma 9.1. Let M = ¥p, and let G be any subgroup o/Aut(M) = GL 2 (Fp). Then H^{G,M) has 
order either 1 or p; the order is 1 if p = 2. 
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Proof. Let Gp be a Sylow p-subgroup of G. Since pM = 0, the restriction H^{G, M) — H^{Gp, M) 
is injective. If Gp is trivial then there is nothing to prove; otherwise Gp is conjugate in GL 2 (Fp) 

to C/ = (u) where u = ^ ^ | and it is enough to compute H^{U,M). Since U is cyclic, 

{U, M) ~ Ker N/{u — 1)M, where = 1 + u + • • • + vP~^ G End(M) is the norm map. A direct 

computation shows that A" = 0 if p > 2, and is given by the matrix ^ ^ ^ if j? = 2. Thus, 

Ker N is Fp in the first case, and Fpei in the second (here ei,e 2 is the standard basis of F^). On 
the other hand, (u — 1)M = FpCi in all cases. We see that \H^{U.,M)\ = p p > 2, and is 1 if 
p = 2, so our assertion follows. □ 


In our situation, pE ~ F^ and Gal(t'/A:) embeds in GL 2 (Fp), so the lemma applies. Putting 
everything together, we obtain the following. 

Proposition 9.2. The order of pBr{K)v divides 

I 2 -^+ 6 + 2 | 5 «| . p = 2, 

I pi+h+ 2 \s^\ . p > 2. 


(Note that a + b = l^l — c, where c is the number of complex places of k.) 


Here is one explicit example for k = Q and p = 3. 

Example[913. In [35l Theorem 2.2], L. Paladino constructed a 2-parameter family Ep^h (/3, h G 
of elliptic curves over Q having a Weierstrass equation of the form y‘^ = + bji^hX + cp^h with 




= -27^ + 18^-9—-h3--3— 

2 2 16 


, /32/i2 /3 /j4 

and n„ = 54G_54G+45^-15—-3 


1 


8 32/i6 ’ 


and discriminant 

^ 216P^{h^ + 12/3^) 

~ 

The family Ep^h contains infinitely many non-isomorphic curves, and for any E G Ep^h the field I 
generated by the 3-torsion of E is ^(Cs) where Cs is a primitive 3rd root of unity, hence has class 
number one. It follows now from Proposition 19.21 that for any choice of T C K*® as above, the order 
of 3 Br(Q(E))y divides 3 l'^l+ 2 |‘S'^l. 

In particular, taking (3 = h = 1 yields the curve E with the Weierstrass equation 


2 3 195 647 

y = X - X H- 

^ 16 32 


and discriminant A = —1512 = —2^ -3^. It follows that one can take S = {oo, 2,3}. Every prime in 
S remains prime in i, so jS'^j = 3. Thus, the order of 3 Br(Q(£'))v' divides 3®. Combining this with 
mil, we obtain the following bound on the size of the genus of a central cubic division algebra D 
over K = Q{E): 

|gen(T))| ^2^-3'^, 

where r is the number of u G K where D ramifies. 

We note that the structure of the field generated by the 3-torsion is described explicitly in [2] 
for all elliptic curves over Q. 
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[9l4. Hyperelliptic curves and n = 2. Let C be a hyperelliptic curve over a number field k, i.e. 
a smooth projective geometrically connected curve of genus g ^ 1 admitting a finite /c-morphism 
C —>■ of degree 2. It is well-known that C contains the affine plane curve given by an equation 
of the form y'^ = f{x) where f{x) E k[x\ is a separable polynomial of degree m ^ 3. Then g and m 
are related by the formula 


_ J (m —l)/2, m even, 

^ \ (m —2)/2, m odd, 

(cf. [29l Prop. 7.4.24]). Pick a finite set of places S <ZV^ as above. Let us first consider the case 
where C is split, i.e. all roots of / are in k. Then the Jacobian J of C has /^-rational 2-torsion (cf. 
[m Proposition 3]), so Theorem 18.31 yields the following. 


Proposition 9.3. Let C be a split hyperelliptic curve of genus g over a number field k. Then in 
the above notations, the order o/ 2 Br(A:(C'))y divides • hk{S)'^^ where hk{S) is the class 

number of the ring Ok{S) of S-integers in k; in particular, it divides • hk{S)‘^^. 


In the general case, we let £ the splitting field of the polynomial /. Then the 2-torsion of J 
is ^-rational. As we have seen in ®2, explicit estimations of the order of 2 Br(A:(C'))v depend on 
size of H^{£/k, 2 J{£))- Let us consider the “generic” situation where the Galois group Gal{£/k) 
is Sm- Since the latter is 2-generated, the order of Z^{£/k, 2 J{£)) divides \ 2 J{£)\^ = 2'^®- So, 
the method described in ^2 shows that the order of 2 Br(A:(C'))\/ in the “generic” case divides 
229 (I‘S'^I+ 2 ) . where hfiS^) is the class number of the ring OfiS^) of 5^-integers in £. 

We note that the torsion subgroups in the Jacobians of hyperelliptic curves over Q were exten¬ 
sively analyzed by V.P. Platonov and his collaborators, cf. |37j . 


10. Appendix : Finiteness of the unramified Brauer group via etale cohomology 

In this section, we outline an alternative approach to Theorem 2 that was suggested to us by J.-L. 
Colliot-Thelene m- For the reader’s convenience, we begin by recalling the required input from 
etale cohomology theory. Given a scheme X, we will denote by Sh(X 4 t) the category of abelian 
sheaves on the etale site X^f Also, we let Gm,x and yn,x (or simply Gm and if there is no 
confusion) denote, respectively, the multiplicative group scheme and group scheme of nth roots of 
unity on X, as well as the corresponding etale sheaves. Finally, we will use the standard notations 
for the Tate twists of Hn- Namely, if j > 0, then G • • • G is the etale sheaf given by the 

tensor product of j copies of pn- We set to be the constant sheaf ifL/nlfix- For j < 0, we define 

p®^ = Hom(^®("^), ifLlnlfix). 

The first result is a finiteness theorem for the higher direct images of constructible sheaves 0 In 
the statement below, we let T denote a noetherian scheme. 

Theorem 10.1. Suppose T is regular of dimension 0 or 1 and n is an integer that is invertible on 
T. Let X and Y be T-schemes and f: X ^ Y be a T-morphism of finite type. If ^ ^ Sh(X 4 t) is 
an n-torsion constructible sheaf, then the sheaves R^f*d constructible for all i >0. 


®We recall that for a scheme X, a sheaf 5 € ShfX^t) is said to be constructible if each affine open U G X has a 
decomposition into finitely many constructible reduced subschemes Ui of U such that for all i, the restriction 5|(7^ is 
locally constant and has finite stalks at all geometric points. 
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(This is Theorem 1.1 in Deligne’s article [14( “Theoremes de finitude”]; the proof is given in §§2-3 
therein.) 

We will now use Theorem [TOT] to derive the following statement, which is one of the key ingredients 
of the cohomological proof of Theorem 2. 

Theorem 10.2. Let X he a smooth integral scheme of finite type over T = Spec(A), where A 
is either a finite field or the ring of S-integers in a number field (with S a finite set of places 
containing all of the archimedean ones). For any integer n invertible in A, the cohomology groups 
HlfiX, yin,x) are finite for all i > 0. 

Proof. (Sketch) If A = is a finite field, then according to [311 Corollary VI.5.5], the groups 
H'^{X,^) are finite for all i for any hnite, locally constant sheaf ^ whose torsion is prime to char 
Fq, which yields the statement in this case. 

Thus, we can now assume that A = Ok,s is a ring of S'-integers in some number field K, where 
S' is a finite set of places of K containing . Applying Theorem llO.il to the structure morphism 
/; A —>■ T, we conclude that the higher direct images f*{Hn,x) are constructible n-torsion sheaves 
on T for all q > 0. Next, fix an algebraic closure of K, denote by Ks the maximal Galois 
extension of K contained in which is unramified outside S, and let Gk,s = GafiKs/K). 

Letting fj = Spec(iL®®P), we recall that the etale fundamental group 7 ri(T, iy) coincides with Gk,s 
(see, e.g., EZl Corollary 6.17]), and the functor ^ defines an equivalence of categories between 
constructible sheaves on T and finite discrete G/c^s-modules. Under these identifications, for any 
prime i invertible on T, we have an isomorphism of Uprimary parts 

HP{T,dm HP{GK,s,^gm 

for all p > 0 — see [33l Ch. II, Proposition 2.9]. Furthermore, according to [Ml Theorem 8.3.20(i)], 
if M is a finite G^.s-niodule whose order is invertible in A, the groups HP{Gk,s^AI) are finite 
for all p > 0. It now follows that ffiiiri,x)) are finite for all p, <? > 0. Finally, the Leray 

spectral sequence 77P(T, R'?/*^') =► ([^ Ch. Ill, Theorem 1.18]) yields the finiteness 

of W{X, yLn,x) for all z > 0. 

□ 

Remark 10.3. It should be pointed out that the argument sketched above actually shows that 
for X as in Theorem 110.21 the groups H^(X,^) are finite for any n-torsion constructible sheaf 

G Sh(A,t). 

The second ingredient that will be needed is Grothendieck’s absolute purity conjecture, which was 
proved by O. Gabber. Let us first recall the relevant notation. Suppose i: Y ^ A is a closed 
immersion of schemes and let G Sh(A4t)- Then for any integer n > 0, one defines sheaves 
'Hyi'S) £ Sh(y^t) as follows. Set U = X \ Y and let j: U ^ X be the inclusion. We let 

5 ! = ker (5 ^ 

where j* and j* are the corresponding pushforward and pullback functors, and define i'^ = i*^\ 
It is easy to see that we obtain in this way a functor 

i-: Sh(A4t) ^ Sh(y,t) 

that is left exact and preserves injectives. Taking right derived functors, we arrive at the definition 

n^id) = 
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In more concrete terms, the correspondence that associates to an etale map f: V ^ X the coho¬ 
mology group f*^) is a presheaf on and one can consider the associated sheaf. It 

is supported on Y and coincides with the direct image of the sheaf 'Hyi'S)- 


Theorem 10.4. (Absolute purity) Let i: Y ^ X be a closed immersion of noetherian regular 
schemes of pure codimension c. Let n be an integer that is invertible on X. Then for any integer 
j, we have 




n,X) 


0 for i 7 ^ 2c 

for i = 2c 


An account of Gabber’s first proof, written up Fujiwara, can be found in m- A different, more 
recent approach, also due to Gabber, is explained in m- Furthermore, we refer the reader to m 
for an extensive discussion of examples and applications of absolute purity, as well as [T3l p.l53] 
and |12l discussion after Theorem 4.2] regarding the history of the question. 

Next, in view of absolute purity, the local-to-global spectral sequence 


Ef = Hl{Y,Wy{pZ‘x)) ^ ) 

degenerates, leading to isomorphisms 

( 10 . 1 ) ^ 

Plugging in (|10.ip into the standard long exact sequence 


yields the so-called Gysin sequence 


Suppose now that A is a discrete valuation ring with fraction field K and residue field k. We 
let X = Spec(A) and set Y = Spec(K) to be the closed point and g = Spec(A') the generic point. 
Writing H^{A, fj,n^) for W{X^ and identifying the etale cohomology groups of Y and r] with 
the respective Galois cohomology groups for k and K, we obtain from (|10.2I) the exact sequence 


for any integer n invertible in A. In particular, taking i = 2, we obtain a residue map 

(10.3) Oa: nBiiK) H\K,ZfnZ) 

whose kernel is known to coincide with that of the residue map p^: nBi’(Ar) —?■ H^{K,Z/nZ) con¬ 
sidered in 21 where v is the discrete valuation of K associated with A. 

Furthermore, if A is a smooth integral affine scheme of finite type over a finite field or a ring of 
5'-integers in a number field with function field K = K{X), then it follows from purity for discrete 
valuation rings together with the discussion in [11] §3.4] that there is an exact sequence 

(10.4) o^^Bv{X)^ H\K,pn)^ 0 H\K{x),ZlnZ), 

xexW 

where Br(A) = H^i{X,Gm) is the geometric Brauer group, the direct sum is taken over all points 
X of codimension 1 with residue field k(x), and d is the product of the residue maps (I10.3p . 
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We are now in a position to give a sketch of 

Cohomological proof of Theorem 2. Pick a model X for K, i.e. a smooth affine integral scheme 
X as in Theorem 110.21 with function field K. By Theorem 110.21 we see that H'^{X^pLn,x) is finite. 
The cohomology sequence associated to the Kummer sequence 

1 Tn,x ^m,X - > ^ 1 

then implies that nBr(X) is finite. Finally, (110.41) shows that nBr(X) is precisely the unramified 
Brauer group „Br(iF)u, where V is the set of discrete valuations of K associated with the divisors 
of X (obviously V satisfies conditions (A) and (B)). 

□ 
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